Abstract
Introduction
Long reach manipulator systems (LRMS) are a class of systems that perform tasks in difficult to reach locations. They consist of a relatively small and fast manipulator mounted on a larger, longreach, deployable, flexible structure. The repair of high voltage power transmission towers and lines, the inspection of underground storage tanks, the repair of bridges and space systems maintenance (see Figure 1) are some of the applications where LRMS are used ( Mori et al., 1992 , Soler and Guillet, 1993 , Gibbons and McDaniel, 1995 A key design problem for LRMS is that external disturbances such as wind or impacts with the environment and the motion of the system itself can excite low frequency, lightly damped vibra-* Assistant Professor ASME Member ** Professor, ASME Fellow *** Undergraduate Research Assistant tions of the deployable supporting structure. These vibrations make the system difficult to control, corrupt the measurements and are dangerous. Planning and control methods have been proposed to reduce the effects of the supporting structure vibrations on the performance of LRMS (Dubowsky, 1994 .) A path-planning method has been developed, called the Coupling Map method, that finds paths for the small manipulator of a space LRMS that minimize the vibrational energy transferred to its supporting structure during a task (Torres, et al. 1994 .) Bracing methods have been suggested to increase the system stiffness in some general applications of long reach systems (Lew and Book, 1994.) The control methods proposed generally fall into two classes: damping control and end-point control. Damping methods aim to damp out the deployable structure's vibrations using the small manipulator controller (Trudnowski et al., 1993 , Lew et al., 1995 , Torres, et al., 1996 In end-point control, the position and orientation in inertial space of the end-effector of the small manipulator, is controlled in spite of the supporting structure vibrations (Sharon and Hardt, 1984 , Chiang et al., 1991 , Hootsmans and Dubowsky, 1991 , Ballhaus and Rock, 1992 , Chalhoub and Zhang, 1993 End-point control is very promising for practical application since the manipulator stays near its task configuration and it does not need to interrupt its task operation to damp out its supporting structure's vibrations.
In end-point control the manipulator end-effector position and orientation need to be measured with respect to an inertial reference frame. In most of the methods proposed to date, the end-effector feedback comes by direct measurements of the manipulator end-effector's pose (Sharon and Hardt, 1984 , Chiang et al., 1991 , Ballhaus and Rock, 1992 .) Some studies have used direct measurements of the position and orientation of the manipulator mounting pad on its structure and the manipulator kinematics to deduce the end-effector position and orientation (Hootsmans and Dubowsky, 1991, Chalhoub and Zhang, 1993 .) The sensors used in both of these approaches must be able to give inertial position and orientation information for a reference system defined at a specific point on the system. Lasers, cameras, gyroscopes, ultrasonic sensors have been used for this purpose. Recent studies have suggested global positioning sensors as a means to provide the required information (Zimmerman and Cannon, 1994.) However, all of these sensors have important limitations. For example cameras and ultrasonic sensors have limited range and accuracy.
Laser range systems are expensive and complex. None of these sensors can give both position and orientation. They may need special targets, sensors and/or lighting to be placed in the environment. For civilian and commercial applications, such as infrastructure inspection, they might be prohibitively expensive. Clearly, obtaining the six inertial coordinates (three positions and three rotations) in remote, hostile, and partially known environments such as in space and nuclear environment is very difficult.
To overcome the problems to achieve end-point control by direct measurement of either the manipulator end-effector or the mounting point of the manipulator on its structure, indirect methods have been proposed that combine sensor information and a model of the structure and of the manipulator. These methods do not have the problems of the direct methods discussed above.
One indirect method consists of measuring the interaction forces and moments between the manipulator and its flexible structure. Then using finite element based dynamic simulations calculate the motion of the structure (Vaillancourt and Gosselin, 1994.) This method requires accurate identification of the dynamic parameters of the structure and real-time complex dynamic model computations that can present serious computation burden for realistic systems. Also the method only measures the forces and torques at the base of the manipulator. For space applications this may be effective. However in more common applications, forces and moments induced by gravity and other external disturbances, may be applied to the structure at other points and measuring only the interaction forces and moments between the manipulator and its supporting structure may not be sufficient to estimate the inertial position and orientation of the manipulator end-point.
An indirect method to perform end-point control of LRMS, called Inferred End-point Control (IEC) has been shown to be effective and practical (Mavroidis et al., 1995 a and b.) In concept, this method is quite straightforward. The supporting structure is instrumented with strain gauges to measure local deformations. The signals provided by the strain gauges are used in a model of the structure to determine its inertial displacements. Then using the manipulator's kinematic model, the inertial position and orientation of the end-effector is obtained. This method has low computational requirements, does not have the limitations of direct sensing and uses only low cost and robust strain sensors. It can also compensate for displacements induced by forces and moments not acting directly at the base of the manipulator.
In this paper important design issues to practically implement Inferred End-point Control for realistic applications are addressed. These issues are: a) what is the minimum number of strain sensors needed and b) what is their optimal placement on the supporting structure of the LRMS.
The problem of determining optimal discrete measurements to characterize the behavior of continuous systems has been studied in structural systems (Maghami and Joshi, 1993 , Hac and Liu, 1993 , Udwadia, 1994 and to a lesser degree in perception and tactile sensing applications of robotics (Nakamura, 1992 and Zhang, 1995 .) The problem can be formulated as an optimization problem where a performance criterion is optimized over a finite set of possible sensor locations.
In this work, the minimum number of sensors and their optimal locations are addressed using the following performance criteria: a) maximizing the measurement resolution of the structure's motion at the manipulator mounting point, b) achieving computational robustness by maximizing the distance from "singular" strain measurement locations on the supporting structure, and c) minimizing the error in the identification of the structure's strain-displacement model used by the method.
In this paper, low frequency, light-weight flexible structures are considered carrying a heavy manipulator. For these type of structures, it can be assumed that they are massless and that their internal dynamic behavior can be neglected. A linear, static strain-displacement model derived from a finite element model of the structure is used to estimate the structure's motion. Linear algebra, singular value decomposition and sensitivity analysis of linear systems are used to find the optimal strain locations. The effectiveness of the method is validated in simulations and experimentally using a prototype laboratory six degree of freedom LRMS called Shaky II. It is shown that using IEC with optimally selected strain locations, the manipulator end-effector position and orientation can accurately be controlled in spite of the structure's vibrations.
System Direct Kinematics
Consider a general long reach, flexible based manipulator shown in Figure 2 . A deployable, reconfigurable, lightly damped flexible structure is fixed at one point in inertial space (point I in For the system shown in Figure 2 the following kinematic equations describe its end-effector inertial position and orientation: here that i r b and φ are calculated using strain measurements on the supporting structure of a LRMS and a linear relationship between the measured strains and displacement of the reference system defined at the mounting point of the manipulator, called here strain-displacement model of the supporting structure and that will be described in details in Section 4. 
Inferred End-point Control
It has been shown that with the position and orientation of the manipulator end-effector estimated in an inertial reference system from measured supporting structure strains the end-point of the manipulator can be controlled accurately (Mavroidis et al., 1995 a and b.) The method, called Inferred End-point Control (IEC), is based on cartesian based controllers for end-effector position control of conventional fixed-base manipulators that use the notion of virtual forces and moments exerted at the manipulator's end-effector (Hogan, 1985 , Khatib, 1987 , Craig, 1989 .) The virtual forces and moments are simple functions of the cartesian end-effector position and velocity errors, such as:
where: F is the vector of virtual end-effector forces and moments, X and ˙ X are the vectors of the The manipulator joint torques and the induced manipulator/supporting structure interaction forces are calculated from the virtual forces and moments using equation (2):
where: the vector τ is composed of a vector of the manipulator joint torques τ m and a vector of the manipulator base/structure interaction forces and moments F I . The matrix J is the augmented Jacobian matrix of the LRMS in R i , J m is the Jacobian matrix of the fixed base manipulator in R i, J b is the Jacobian matrix that transforms reference system's R b linear and angular velocities into manipulator end-point velocities.
This augmented form of Equation (3) is similar to the one developed for free-flying space robotic systems and manipulators mounted on mobile suspension vehicles (Hootsmans and Dubowsky, 1991, Dubowsky and Papadopoulos, 1993.) As with these systems, the augmented manipulator Jacobian has the form:
where: J fb is the conventional nxm Jacobian matrix of the fixed base manipulator in R b , q is the mx1 vector of the manipulator joint angles and B(q) has the form: 
The manipulator torques τ m , given Equation (3), will result in a manipulator motion that will tend to drive X to X d . Since the interaction forces and moments F I are not controllable, but determined by the characteristics of the deployment structure, they will act as disturbances to the system. They will, in general, result in some manipulator base motion and some end-effector errors that must be compensated for, by the manipulator joint actions . As a summary of Sections 2 and 3 it must be noted that in order to implement this controller the small manipulator end-point motion X must be measured in inertial space. Using Equation (1) and recalling that X =[ i r e , θ] T it is possible to estimate X from the manipulator joint variables q and the motion of the structure Ψ at the manipulator mounting point on the structure, with
This motion Ψ is obtained from the measured strains as it is described in the next section.
The Strain-Displacement Model of the Supporting Structure
The fundamental assumption in this paper is that a low frequency, light-weight flexible structure is carrying a heavy manipulator. For these type of structures, it can be assumed that they are massless and that their internal dynamic behavior can be neglected. The low frequency characteristic comes from the fact that a heavy manipulator lies on a very flexible, light weight structure. Under these assumptions, a linear relationship between strains and displacement of the structure can be obtained. To understand whether a structure falls into a this category and that its internal dynamic behavior can be neglected, a designer of such systems, should perform a frequency analysis of the structure and determine if the internal modal vibrations have a high frequency.
The strain-displacement model of the supporting structure of LRMS relates inertial displacements at a given location on a flexible structure to a number of strain measurements on the structure. For very simple structures, such as simple ideal beams, it is possible to obtain this model analytically.
However in real applications, the flexible structures are very complex systems and analytical formulation of the strain-displacement model is impossible. For such systems, such methods as finite elements analysis can be used to obtain this model. Assuming small displacement, static analysis and linear elastic structures, then a finite element model (FEM) of a flexible structure will give results that accurately characterize a continuous system as the number of nodes or grid points, k, of the FEM becomes large. In most static analysis approaches of FEM methods, a set of loads are applied to the grid points and the node displacements u are calculated. Then the strains ε at j arbitrarily selected locations on the structure can be calculated from the "strain-displacement" equation (Bathe and Wilson, 1976) :
where B is a coefficient matrix whose elements depend on the FEM including the coordinates of the nodes and the coordinates of the strain measurement locations. Equation (6) can be inverted and written as:
In LRMS, the inertial displacements of only a few of the nodes of the system's supporting structure need to be known. The vector Ψ consisting of the displacements of the selected nodes can be calculated from:
where S is a selection matrix. The physical meaning of Equation (8) is that if the strains at the j locations are measured then the displacements of the selected nodes can be estimated. To simplify the theoretical description, in the rest of the paper it is assumed that only one node is of interest which is the mounting point of the manipulator on its structure (see Figure 2 ) and assuming that the motion of this node is described by six parameters (i.e. three translations and three rotations) then vector Ψ is composed of the six displacements of the node of interest. However, it should be noted that in the general case, n nodes would be of interest and Ψ will be composed of 6n
components. In these cases, where more than one node is selected, a similar formulation can be derived.
From Equation (8) it is seen that for each strain vector ε there is one displacement vector Ψ of the selected node. This is true under the assumption that during the motion of the flexible structure the loading conditions are the same (i.e. the same grid points are loaded.) To make this clear consider the counter example of the flexible structure shown in Figure 4 . On this structure, under two different loading conditions, two different strain vectors will be developed that have the same inertial position and orientation for a reference frame attached at point A. To identify the minimum number of strains needed to measure the displacement of the node of interest, the superposition property of linear structures will be used i.e. the displacement of a linear flexible structure under the sum of certain loads would be the sum of the displacements under each load separately. For each load separately (i.e. for each wrench composed of three force components and three moment components) and for one node of interest, it can be shown using Equation (8) that the minimum dimension of the space spanned by strain vectors ε should be equal to the dimension of the space spanned by vectors Ψ which is 6 and hence the minimum number of strain measurements on the structure is 6. If two loads are applied to the system then 12 strains are needed. Therefore in Equation (8), if only one load is applied to the system, vector ε is composed of at least six strains measured on certain locations on the structure that are found using a method that will be described in the next section.
Assuming one selected grid point, and only one wrench applied to the system (i.e. the interaction forces and moments from the manipulator) the 6x6 scaling matrix A of Equation (8) depends on the elastic and geometrical properties of the structure and the local coordinates of nodes and strain measurement locations. For very simple structures this matrix can be calculated analytically. For more complex structures, its elements can be identified using the following procedure from a finite element model or from experimental data.
At the node of interest, six different known displacements Ψ 1 ,...,Ψ 6 are imposed. These displacements form a 6x6 matrix U =[Ψ 1 Ψ 2 Ψ 3 Ψ 4 Ψ 5 Ψ 6 ]. For each displacement Ψ i the corresponding 6x1 strain vector ε i is measured experimentally or calculated. The six strain vectors ε 1 ,...,ε 6 form a 6x6 matrix E=[ε 1 ε 2 ε 3 ε 4 ε 5 ε 6 ] and from Equation (8) 
from which matrix A can be obtained by
The displacements Ψ i can be chosen arbitrarily provided that the resulting matrix U has full rank i.e. six, that the system under these displacements has a linear behavior and that they are physically realizable (i.e. the system does not break under these displacements.) Since Equations (8) and (9) are linear the numerical values of the elements of Ψ i do not change the identification of the elements of A.
From Equation (9) and using linear algebra theorems some interesting observations can be made.
The columns of matrix U in Equation (9) are a basis for the space spanned by the displacement vectors Ψ of the node of interest. This means that any Ψ is a linear combination of the columns of U . The columns of E are also a basis for the space formed by all strain vectors ε. The rank of E is equal to the dimension of the vector space formed by vectors ε. If the rank of E is less than the rank of U , i.e. 6, then the six strain measurement locations chosen can not give enough information to obtain all six displacements of the point of interest. These strain measurement locations will be called "singular" and should be avoided. These observations will be used in the next section where the methodology to optimally select the six strain measurement locations will be presented.
Optimal Sensor Locations
A search procedure has been established to find the "best" location on the structure to measure the six strains so that the displacements of the node of interest are accurately calculated. This procedure uses the FEM of the structure. At the node of interest, under an assumed loading condition, six different displacements Ψ i are imposed. Each displacement results in a strain vector. It is assumed that with the FEM model the six strains developed at j locations on the structure are calculated and hence the maximum size of the strain vector is 6j. In Section 4 it was shown that the minimum size of the strain vector is 6. The strain vector of maximum size as it is defined by the FEM model will be represented by ε g and the strain vector of minimum size by ε. The six strain vectors ε g produced by the six displacements Ψ i form a 6jx6 matrix E g . All 6x6 submatrices E of E g are the possible strain matrices formed by the strain vectors of minimum size that correspond to six of the 6j strains calculated by the FEM. Three criteria have been established to select the "best"
submatrix E among the many 6x6 submatrices of E g . The rows of the best submatrix will indicate which strains among the 6j strains satisfy the best the selection criteria. These criteria are:
(i) Maximize the measurement resolution of the displacements of the node of interest
To be able to measure small displacements of the node of interest, the strain sensors should be located in areas of higher strain. A typical lower limit of the measurement sensitivity of strain gauges is 10 -6 (mm/mm) and a typical value of minimum displacement resolution required for control might be in the range of 0.5-1mm for the translations and 0.05-0.1 degrees for the rotations. Six displacements Ψ i are imposed at the node of interest. These displacements represent the desired resolution in each degree of freedom of the point of interest determined from an analysis of the system's overall accuracy required to perform its task. Matrix E g is obtained from the FEM. The strains for which the corresponding row in the strain matrix E g has at least one element below the desired strain gauge measurement sensitivity are eliminated from further consideration. Thus the number of possible strain measurement locations can be reduced.
(ii) Increase measurement accuracy by maximizing the distance from "singular" locations
It is desired to avoid singular locations, i.e. locations for which the corresponding 6x6 submatrix E of E g has rank less than 6. It is also desired to avoid "near singularity" locations, i.e. locations for which the rank of E is close to 5, since these locations are related with errors and increased sensitivity to small perturbations in the system's parameters. A measure of the distance of a matrix from being a matrix of lower rank is given by its minimum singular value σ min .
Using the singular value decomposition, the 6x6 strain matrix E is written as (Golub and Van Loan, 1989 ):
where W and V are 6x6 orthogonal matrices and Σ is a 6x6 diagonal matrix. The columns of W and V are called the left and right singular vectors of E. The elements of the first diagonal of Σ are the singular values of matrix E written in descendent order:
The minimum singular value σ min is important because it represents the measure of how far matrix E is from matrices of lower rank (Klema and Laub, 1980 .) If all singular values are not equal to zero (i.e. σ min >0) then the rank of matrix E is 6. If r singular values are equal to zero (i.e. at least σ min =0), then the rank of matrix E is equal to 6-r. If σ min ≈0 then matrix E is near singular location.
Therefore the best E from all 6x6 submatrices of E g is the one with the maximum σ min . From matrix E g found from the FEM for six different displacements of the node of interest and after deleting the rows that correspond to low strain locations as described in criterion (i), all possible 6x6 submatrices E are formed, their singular values are calculated and the submatrix with the maximum σ min value is determined. A method to quickly converge to a submatrix E with very high minimum singular value, is by selecting arbitrarily 5 rows of E g and form all possible 6x6 submatrices consisted of these 5 rows and one of the other 6j-5 rows. The row for which σ min of these 6x6 submatrices is maximum substitutes one of the first five rows. Then again all 6x6 matrices are formed and the sixth row for which σ min is maximum substitutes the second row. With this way, by keeping the rows that maximize σ min , we converge very quickly to a 6x6 submatrix that satisfies very well this criterion. It has to be noted that the goal of this algorithm is not to find the global optimum. It is only desired to find a matrix E with a large minimum singular value and it has been shown, by testing this algorithm in many examples, that this algorithm can do this.
(iii) Minimize the error in the identification of matrix A
The error δΨ in the calculation of Ψ with Equation (8) due to an error δA of matrix A and due to strain measurement errors δε is equal to:
From Equation (13) it is obvious that δΨ becomes minimal when δA is small. Therefore it is desired to reduce the errors δA in the identification of matrix A using Equation (10).
It is known, from the theory of sensitivity analysis of linear systems that if matrix E is "ill-conditioned" small errors δE in the elements of matrix E induce large errors in the identification of matrix A (Wilkinson, 1963 .) The condition number c of E gives a measure of how much errors in E may be magnified in the computed solution. The condition number c is defined as (Strang, 1988) 
and the way it magnifies the error δA in the calculation of A due to an error δE of E is shown with the following inequality:
If c is close to 1 then matrix E is said to be "well-conditioned" and the error δA is small.
The minimum singular value criterion and the condition number criterion are related because they are both dealing with the singular values of a matrix. However their physical meaning is different.
With the first criterion the minimum singular value of the strain matrix in maximized and the distance of this matrix from "singular" matrices is increased. Physically, this means that the displacement estimation error is minimized in all directions. However this criterion does not study the relative "distance" of the singular values. The condition number criterion is dealing with the relationship of the maximum to the minimum singular value. Having a good condition number means that the displacement estimation error is homogeneous in all directions. It is desired not to have big errors in one direction and small errors in the other. In this optimization algorithm the minimum singular value of the strain matrix is the performance index to maximize having as constraint the condition number criterion. This in fact will give us a small displacement estimation error in every direction maintaining in the same time an homogeneous error in every direction.
It is important to note that since the elements of matrix E are dimensionless, criteria (ii) and (iii) do not depend on change of unit, scale, or reference system. Also criteria (ii) and (iii) are independent of which 6 displacements Ψ i are used to form matrix U in Equation (9). This is because if another set of displacements Ψ i are used to form matrix U then a change of basis for matrix U and E occurs. This change of basis is equivalent to a similarity transformation of matrix E and does not affect the singular values of matrix E (Strang, 1988.) 
Evaluation of the Method
An experimental laboratory LRMS, called Shaky II, has been built to study and validate Inferred End-point Control using a spatial 6 degree of freedom LRMS and the methodology for optimally locating the strain sensors on the flexible structure of LRMS.
Experimental setup
Shaky II consists of a 5 foot vertical flexible structure that supports a PUMA 250 (see Figure 6 .)
The supporting structure is a 8.89 cm (3.5 inch) outer diameter and 0.79 cm (0.3125 inch) wall thickness, sculptured PolyVinyl Chloride tube. It has six levels of diamond shaped holes at its lower end, each level staggered 60˚ compared to the previous one. Figure 7 shows a detailed view of the hole pattern and the system's dimensions. This pattern of holes make the tube very flexible and lightly damped replicating the type of spatial motion characteristics that might be found in field LRMS. The structure's hole pattern is sufficiently complex to prevent the use of analytical methods to characterize the structure's behavior as would be the case for a real LRMS. 
Finite Element Analysis
A finite element model was constructed for Shaky's II supporting structure using the finite element analysis program ADINA (Adina R&D, Inc., 1990.) Figure 7 shows a description of the elements used and the nodes and the strain measurement locations considered in the FEM. The model consists of five 2-node pipe elements and 18 8-node shell elements. On each pipe element 80 strains are calculated and on each shell element 108 strains calculated. In total the FEM has 85 nodes and 2344 strains are calculated. From the 85 nodes only one is of interest, i.e. point B in Figure 6 . The displacement vector Ψ for this node has four coordinates and therefore the minimum number of strains needed to estimate Ψ with Equation (8) is four provided that the loading conditions are always the same. With the numerical tests performed with the FEM model of Shaky's supporting structure it is desired to find, using criteria (i)-(iii), which four strains among the total 2344 calculated are better for the estimation of Ψ with Equation (8). For these four strains, matrix A is calculated using Equation (10). Then Equation (8) is used to obtain estimates of Ψ for the best strain locations. ] that is used in Equation (10). As it was pointed out in Section 4, the four displacements Ψ i are chosen arbitrarily provided that the resulting matrix U has full rank i.e. four, that the system under these displacements has a linear behavior and that they are physically realizable (i.e. the system does not break under these displacements.) Of course other displacements Ψ i that satisfy the above constraints can be chosen to form matrix U but as shown in Section 5, this won't change the final results i.e. finding the optimal strain measurement locations. For each displacement vector Ψ i a 2344 x 1 strain vector ε g is calculated and the 2344 x 4 matrix E g is formed.
Using criterion (i) it was found that high strain resolution area contains the 18 shell elements and the pipe elements 1 and 2 which are immediately attached to the shell elements. Then matrix E g dimensions become 1052 x 4. Using criteria (ii) and (iii) and the search algorithm described in section 5, the 4x4 submatrix E of E g with maximum minimal singular value and with a good condition number was estimated. The four strain measurement locations that correspond to the rows of the best E are the ones that are selected. Figure 8 shows three different sets of four strain locations which will be called as: "location 1", "location 2" and "location 3". At each location on the shell elements six strains are developed that are represented with the vector ε=[ε x , ε y , ε z , ε xy , ε xz , ε zy ] T . Location 1 is the "best" and it corresponds to the best E using the methodology described in section 5. The minimal singular value of E is σ min = 0.32 . 10 -4 and its condition number c=25. Location 2 is the best under the assumption that at each location only the axial strain ε z and the hoop strain ε xy are measured. This assumption is made because in the experimental demonstration it is much easier to mount strain gauges on the outer surface of the structure and measure ε z and ε xy rather than the other strains. For this location σ min = 0.15 . 10 -4 and its condition number c=31. Location 3 is a "bad" location that was chosen arbitrarily. For this location σ min = 0.013 . 10 -4 and c=176, values that are worse than in the other two locations.
To demonstrate the effectiveness of our method an error is introduced in the model parameters.
We want to see how robust the estimation of the displacements of point B is with Equation (8) if the identification of matrix A was done using a 10% error in one of the structure's model parame-ters, for each of the three strain locations shown in Figure 8 . It is assumed that the real wall thickness of the tube is equal to 0.88cm (0.3464") instead of 0.79cm (0.3125") that was used to find the optimal location of strain gauges and to calculate matrix A of Equation (10). This error changes the strains developed in the structure and is equivalent to introducing errors in the strain measurements. Therefore the robustness of our displacement estimates using Equation (8) Each diagram in Figure 9 corresponds to one of the four coordinates of the three displacements.
The correct values of the coordinates of each displacement is represented by a circle. The estimates of the coordinates of the displacements using strains on location 1 are marked with a "+", using strains on location 2 with a "♦" and using strains on location 3 with "∆". The maximum percentage of error e in the estimation of the displacement is also shown.
From Figure 9 it is clear that the estimates obtained with the strains on location 1 are the best with an average error in all directions of 0.9% in spite of the error in the model parameters. This result is very interesting since the strains from location 1 nearly eliminate the effect that the error in the system parameters can produce in the estimation of the structure's motion. Estimates of the displacements using the strains on location 2 also give good results with an average error of 11.3%.
This means that the 10% error introduced in one of the model parameters is almost maintained and not being amplified by the structure's model. Strains on location 3 lead to bad estimates of the displacements especially for rotations. The estimates of the displacements using these strains have an average error of 40% which means that the initial error in one of the model parameters is amplified by a factor of 4.
These numerical tests verify that the strains measured at the optimal locations determined using the methodology of Section 5, give the best estimates of the structure motion with Equation (8).
Inferred End-point Control Experimental Validation
The first part of the experiments performed with Shaky II was to demonstrate experimentally the effectiveness of IEC using this general, spatial, six degree of freedom LRMS setup with a supporting structure that has complex elastic properties. Previous experimental demonstration of IEC was performed using a planar two degree of freedom system (Mavroidis et al., 1995 a and b.) In this section results from a combined path tracking and disturbance rejection test on Shaky II under IEC are shown. (Note: in this test first the manipulator tracks a pre-specified path, then when it reaches its final position, the base is excited manually.)
The manipulator end-effector is commanded to track a cartesian space line trajectory as shown in During this test the manipulator is controlled with IEC. The manipulator end-effector position feedback needed by IEC, comes from four strain gauges located at location 2 that is shown in Figure 8 . This location of strain gauges was chosen because as explained in section 6.2, it is the best for estimating the motion of Shaky II's structure under the assumption that at each location only the axial strain ε z and the hoop strain ε xy are measured. Recall that this assumption is made because in the experimental demonstration of IEC, it is much easier to mount strain gauges on the outer surface of the structure and measure ε z and ε xy rather than the other strains. In addition, experimental tests with Shaky II's flexible supporting structure that are shown in Section 6.4 verified that estimates of the base motion obtained with strain measurements at location 2 are better than estimates obtained from strain measurements in other locations. The structure's motion during the combined path tracking and disturbance rejection test is shown in Figure 11 . The base is disturbed a linear displacement of ±5cm in the x and ±7cm in the y direction and an angular displacement of ±3˚ around x and ±2˚ around y. If the strain sensors were placed in location 3 (i.e. the bad location in Figure 8 ), then the motion of the structure won't be estimated as well as with the strain sensors in location 2. This was shown with the FEM model in Figure 9 and experimentally, it will be shown in Figure 13 . These errors in the estimation of the displacements of the structure, due to the location of the strain sensors, won't affect the stability of the controller. However, these errors will decrease the positioning accuracy of the manipulator end-effector.
Experimental Verification of Strain Measurement Optimal Locations
The goal of the second part of the experiments with Shaky II was to verify that strain measurements obtained in a good location found using the methodology of Section 5, give better estimates of the structure's motion than those located in a bad location. The good location considered in these tests is location 2 of Figure 8 and the bad is location 3 of Figure 8 . Shaky II's structure is displaced manually in the same three positions Ψ 1 , Ψ 2 and Ψ 3 of point B,
as in the numerical tests (see section 6.2.) In each displacement Ψ i of the structure, strain measurements are obtained that correspond to locations 2 and 3 defined in Figure 8 . As the methodology in section 5 suggested and as the numerical results verified strain measurements at location 2 are "good" while those at location 3 are "bad". Using Equation (8) estimates of displacements Ψ 1 , Ψ 2 and Ψ 3 are obtained. These estimates are compared to the actual values of the displacements and the results from these tests are shown in Figure 13 . The same notation is used as in Figure 10 . It is clear that the estimates obtained with the strains measured in location 2 are much better than those of location 3. The average error in all directions in the displacement estimates using the strains in location 2 is 11% while the average error using the strains in location 3 is 19%.
These experimental results verify the results from simulations and also the methodology to find optimal strain sensor locations on the structure.
Conclusions
A method to optimally locate strain sensors on the flexible supporting structure of long reach manipulator systems has been presented. These strain measurements and a linear static strain-displacement model are used to estimate the flexible structure's motion. The optimal locations of strain sensors have been selected to achieve high measurement resolution, to maximize the computational robustness and to minimize the error in the identification of the structure's strain-displacement model. Knowing the structure's motion and measuring the manipulator joint angles the manipulator inertial end-effector position and orientation is calculated. This end-effector position and orientation measurement is used in an end-point control scheme for long reach manipulators 
